The optimum sampling in the one-and two-dimensional (1-D and 2-D) wireless sensor networks (WSNs) with spatial-temporally correlated data is studied in this article. The impacts of the node density in the space domain, the sampling rate in the time domain, and the space-time data correlation on the network performance are investigated asymptotically by considering a large network with infinite area but finite node density and finite temporal sampling rate, under the constraint of fixed power per unit area. The impact of space-time sampling on network performances is investigated in two cases. The first case studies the estimations of the space-time samples collected by the sensors, and the samples are discrete in both the space and time domains. The second case estimates an arbitrary data point on the space-time hyperplane by interpolating the discrete samples collected by the sensors. Optimum space-time sampling is obtained by minimizing the mean square error distortion at the network fusion center. The interactions among the various network parameters, such as spatial node density, temporal sampling rate, measurement noise, channel fading, and their impacts on the system performance are quantitatively identified with analytical and numerical studies.
Introduction
Data collected by a wireless sensor network (WSN) often contain redundancy due to the spatial and temporal correlation inherent in the monitored object(s). The spatialtemporal data correlations can be found in a wide range of practical applications, such as environment monitoring with temperature and humidity correlated in the space and time domains, soil and water quality monitoring with the chemical compositions correlated in the space and time domains, and structure health monitoring with spatial-temporally correlated vibration information of the civil structure [1] , etc. The space-time redundancy/correlation is important to the performance and design of practical WSNs, which attempt to reconstruct a spatial-temporally correlated signal field by collecting the data samples from the sensors. Given a fixed transmission power per unit area, a higher spatial node density or temporal sampling rate means less transmission energy per sample, which usually degrades performance due to a lower signal-to-noise ratio (SNR) at the receiver. On the other hand, the system performance might benefit from more data samples per unit area per unit time by exploiting the space-time redundancy. Therefore, it is critical to identify the optimum space-time sampling, i.e., the optimum spatial node density and temporal sampling rate, in a WSN with spatial-temporally correlated data.
There have been considerable works in the literature studying the impacts of spatial node density on the network performance [2] [3] [4] [5] [6] . In [2] , the optimum node density of a many-to-one linear network is analyzed by using the detection probability of a binary event as the performance metric. In [3] , a Wiener process is used to model the spatial correlation of an one-dimensional (1-D) field. It is demonstrated that, due to the spatial data correlation, distortion-free communication can be achieved even if the per node throughput tends to 0 as N → ∞. The optimum node densities in both 1-D and two-dimensional (2-D) networks are obtained by minimizing the mean square error (MSE) between the recovered information and the original information under a distortiontolerant communication framework [5, 6] . Most existing studies focus only on the spatial data correlation, and they do not consider the variation of the data in the time domain. In reality, the physical phenomenon under http://jwcn.eurasipjournals.com/content/2013/1/5 monitoring changes with respect to time, and the consecutive observations of a sensor node are often correlated temporally [7] .
There are limited works on the study of WSNs with spatial-temporally correlated data [8] [9] [10] [11] [12] . In [8] , an arbitrary point on a continuous measurement field is estimated by performing space-time interpolation over the samples collected by the spatially discrete sensors, and there is a finite optimum node density to minimize the estimation MSE over the measurement field. The model in [8] is extended in [9] by considering realistic transmission schemes, such as a limited transmission range and practical network/routing parameters. In [8, 9] , the temporal data correlation is only utilized to perform time domain interpolation, and they do not consider the effects of optimum time domain sampling. The effects of both space and time domain sampling are studied in [10] by using the network energy as a performance metric, through the study of a collision free network protocols. All of the aforementioned studies consider an error-free communication channel between the transmitter and the receiver. The impacts of additive white Gaussian noise (AWGN) are considered in [11] , which obtains a lower bound on the distortion as a function of the number of sensors and spatial-temporal communication bandwidth. However, the analysis is only applicable to a measurement field with finite degree-of-freedom and is discrete in the time domain. In addition, it does not consider the optimum sampling rate in the time domain. The optimum spacetime sampling of continuous data in an 1-D network with AWGN channel is studied in [12] .
In this article, we investigate the optimum space-time sampling for both 1-D and 2-D WSNs with spatialtemporally correlated data. The 1-D network can be used to model practical WSNs designed for highways and tunnels. The 2-D network models WSNs that cover a large area, such as a farmland. There is no limitation on the statistical properties of the field, other than that it forms a continuous random process that is wide sense stationary (WSS) in both the space and time domains. Each sensor node collects samples of the field, and forwards the information to a data fusion center (FC) through an one-hop AWGN or fading channel. Similar one-hop network structures are used in [2, 5, 6, [12] [13] [14] [15] . The FC attempts to reconstruct the time-varying and spatially continuous data field from the discrete sensor samples by exploiting the data correlation in both the space and time domains with the minimum mean square error (MMSE) receiver. The impacts of the spatial node density, the temporal sampling rate, and the space-time data correlation on the reconstruction MSE are investigated asymptotically in a large network with infinite area, infinite time period, but finite node density and finite temporal sampling rate, under the constraint of fixed transmission power per unit area.
Compared to existing studies in the literature, this article has the following main contributions. First, to the best of our knowledge, this article is the first that explicitly quantifies the interactions between the performance of networks with spatial-temporally correlated data and various system parameters, such as spatial node density, temporal sampling rate, measurement noise, and channel distortions, for both 1-D and 2-D networks. Second, the optimum spatial-temporal sampling for two types of networks, one needs to recover only the discrete space-time samples collected by the sensors through their noisy observations, and one needs to recover an arbitrary data point on the space-time hyperplane, are identified through the asymptotic analysis. Third, the impacts of various practical factors, such as measurement noise, channel fading, and random network topology, on the performance of networks with spatial-temporally correlated data are studied through numerical analysis and simulations.
The remainder of this article is organized as follows. Section 2 introduces the system model and a two-step MMSE estimation method. Sections 3 and 4 studies the impacts of spatial-temporal sampling on 1-D and 2-D networks, respectively, by following the two-step MMSE method. In these two sections, the optimum spatialtemporal samplings in various networks are identified with asymptotic analysis and simulations. Both analytical and numerical results are presented in Sections 3 and 4 to demonstrate the interactions among the various system parameters. Section 5 concludes the article.
Problem formulation

System model
Consider a WSN with N s sensor nodes uniformly placed over a measurement field. Data collected by the sensors are spatially correlated, and they change with respect to time. We first study a network with a deterministic topology, where the sensors are placed over an equal-distance grid as shown in Figure 1 , with the distance between two adjacent nodes being d. Such a deterministic topology can be used to model networks that can be carefully planned beforehand and has no limitation on sensor locations. The performance of networks with deterministic topology will be compared to those with randomly distributed nodes. Networks with random topology can be used to model ad hoc networks or networks with mobile nodes. The results obtained for these two types of networks can serve as performance bounds for practical networks, which usually use a combination of these two topologies.
Each sensor node collects data samples with a sampling rate of θ = 1
T s
Hz. In the space domain, define the spatial node density, δ, as the number of nodes in a unit area. The spatial node densities are δ = Each sensor node will measure a spatial-temporally dependent physical quantity, x(η n ), such as the temperature, humidity, or the vibration density of a bridge, etc. It is assumed that the physical quantities to be measured form a random process that is WSS in both the space and time domains. Due to the spatial-temporal redundancy of the measurement field, the spatial-temporal correlation function between any two arbitrary data samples is assumed as
and ρ t ∈[ 0, 1] are defined as the spatial correlation coefficient and the temporal correlation coefficient, respectively, and E(·) represents mathematical expectation. In (1), the l 2 norm c 1 − c 2 measures the Euclidean distance between the two points with the coordinates c 1 and c 2 in the space domain. It is assumed that sensors deliver the measured data to the FC through an orthogonal media access control (MAC) scheme, such as the deterministic frequency division multiple access (FDMA), or the random exponentially-interval MAC (EI-MAC) [16] , such that collision-free communication is achieved at the FC. The signal observed by the FC from the nth data sample is
where E n is the average transmission energy per sample, h(η n ) represents the quasi-static fading coefficient, w n is the measurement noise with variance σ w 2 , and z n is the AWGN with variance σ z 2 . It is assumed that the total power per unit area is fixed at P 0 . Given a network with a node density δ and a sample rate θ , the transmission energy per sample can be calculated as E n = P 0 θδ . It is assumed here that the sensor-FC distance is much larger than the sensor-sensor distance, such that all the sensors have approximately the same distance to the FC. Therefore, signals from all the sensors experience similar pathloss, such that they can employ the same transmission energy.
Optimum MMSE detection
The FC will obtain an estimate of the spatial-temporally continuous quantity, x(η), ∀η ∈ η , by using N = N s N t discrete space-time samples received at the FC, where N s is the number of the sensor nodes and N t is the number of time-domain samples collected by each node. Define the space-time data sample vector as
is the time domain sample vector collected by the ith sensor node, and R is the set of real numbers. The corresponding signal observed by the FC can then be represented as
wherex(η) is the estimate of x(η) based on y at the FC. The optimum linear receiver that minimizes σ 2 η is the MMSE receiver described as follows [17] 
, where h i = h i I N t ∈ C N t ×1 with h i corresponding to the fading coefficient between the ith node and the FC, I N t is a size-N t identity matrix, and C is the set of complex numbers.
With the optimum MMSE receiver given in (4), the MSE σ 2 η can be calculated as
where
is the signal-to-noise ratio (SNR) per unit area with AWGN, and the expectation operation is performed with respect to H. The MSE σ 2 η given in (5) is a function of the space-time coordinate η, the SNR γ 0 , the measurement noise variance σ 2 w , the spatial correlation coefficient ρ s , the temporal correlation coefficient ρ t , the spatial node density δ, the temporal sampling rate θ , and the fading coefficient H.
Given a fixed transmission power per unit area, the spatial-temporal sampling rate, δ and θ , play a critical role on the MSE σ 2 η . A smaller node density and/or temporal sampling rate means more transmission energy per sample, thus a better SNR per sample, which can benefit the system performance. On the other hand, a smaller node density and/or sampling rate means less samples per unit area per unit time, thus a smaller correlation among the data collected by the nodes, and this might degrade the estimation performance.
In order to distinguish the opposite impacts of the spatial-temporal sampling rates, we use an equivalent two-step MMSE method [6] . Lemma 1. The optimum MMSE given in (4) is equivalent to the two-step MMSE described as follows.
1) The FC first obtains an estimate of the N discrete space-time samples, x st , with a linear MMSE receiver asx
wherex st ∈ R N×1 is the MMSE estimate of x st . The MMSE matrix W x ∈ R N×N is designed to minimize the average MSE per sample:
2) The FC obtains an estimate of the data at an arbitrary location,x(η), ∀η ∈ η , by interpolatingx st with the MMSE criterion,
where the vector, w sl ∈ R N×1 , is designed to minimize the MSE σ 2
Decomposing the optimum MMSE of (4) into the twostep MMSE allows us to study the two opposite effects of spatial-temporal sampling on the MSE separately. In the following two sections, we will investigate, respectively, the impacts of the node density on 1-D and 2-D networks by following the two-step MMSE.
Optimum space-time sampling in one-dimensional networks
In this section, we study the optimum space-time sampling in an 1-D network, where the N s sensor nodes are evenly distributed over a length-L linear section as shown in Figure 1a . In this WSN, the space-time coordinate of the jth data sample collected by the ith sensor can then be represented as
where ⊗ denotes the Kronecker product, and R s ∈ R N s ×N s and R t ∈ R N t ×N t are the correlation matrices in the space domain and time domain, respectively. The space domain correlation matrix, R s , has the form of a symmetric Toeplitz matrix with the first row and first col-
. Similarly, the time domain correlation matrix, R t , is a symmetric Toeplitz matrix with the first row and first column being r t = 1, ρ
The matrix, R xx , has the form of a Toeplitz-block-Toeplitz (TBT) matrix [18] , i.e., R xx is a block Toeplitz matrix, and each sub-matrix is also a Toeplitz matrix.
MMSE estimation of the discrete samples
For the MMSE estimation described in (6), the optimum W x that minimizes the MSE, σ 2 st,N , can be found through the orthogonal principal, E (x st − x st )y H = 0. The result is 
where the orthogonal principal is used in the first equality, and the second equality is based on the identity
can then be calculated as
where trace (A) returns the trace of the matrix A.
In Equations (11) and (12), the calculation of the MSE involves matrix inversion, the trace operation, and the expectation operation. The value of the MSE can be evaluated numerically. In order to explicitly identify the impacts of the node density and sampling rate on the MSE, we will first focus on the analysis of system operating in the AWGN channel, and this will allow us to express the MSE as a closed form expression of the node density and sampling rate. The MSE obtained under the AWGN channel will be compared to the MSE under the fading environment later in this section. Proposition 1. When N s → ∞ and N t → ∞ while keeping both N t → ∞ and θ finite, the MSE of the estimation of the discrete samples collected by the sensors and transmitted in an AWGN channel is
where K (·) is the complete elliptic integral of the first kind ( [19] , Equation (8.112.1)), and
Proof. The proof is given in Appendix 1.
In Proposition 1, the spatial-temporal sampling affects the MSE in the form of the following functions,
and g 1 (ρ s , δ) are related to the spatial correlation, and they are increasing functions of δ. f 1 (ρ t , θ) and g 1 (ρ t , θ) are related to the temporal correlation, and they are increasing functions of θ . The function f 2 (δ, θ) is a decreasing function of both δ and θ . In Proposition 1, if we assume that the data is spatially correlated but temporally uncorrelated, then the MSE of the spatial samples can be simplified as follows.
Corollary 1.
If ρ t = 0, the asymptotic MSE of the estimation for the spatially correlated samples is
Proof. Setting ρ t = 0 leads to α = 0 and 2 . Equation (15) can be obtained by substituting β into (13).
When σ 2 w = 0, the result in Corollary 1 coincides with ( [5] , [Equation (12)]), where only the spatial samples are considered. It was shown in [5] analytically that σ 2 s is an increasing function in δ.
Similarly, based on the symmetry between the space and time domains, we can get the MSE of the estimation of the temporal samples for a given node, by exchanging ρ s with ρ t , and δ with θ in (15) . the system with and without measurement noise. In addition, the MSE is an increasing function in the node density for all configurations. This indicates that the MSE for the discrete data samples can benefit from a smaller spatial node density. Therefore, if we only want to obtain the data at some discrete locations, we should use a node density that is as small as allowed by the application, i.e., placing exactly one sensor at each desired measurement location will obtain the optimum performance. Due to the symmetry between the space and time domain, the above analysis is also true for the relationship between σ 2 st and θ . In addition, the MSE approaches a constant as δ → ∞. The result is corroborated by the following corollary.
Corollary 2.
For the estimation of the discrete samples collected by the sensors and transmitted in AWGN channels, given a sampling rate θ , when δ → ∞, the asymptotic MSE approaches a constant as
Proof. The proof is in Appendix 2. 
Proof. Equation (17) can be directly proved by substitut-
In (17) , when both θ and δ tend infinity, the limit depends on the correlation coefficients and the SNR. The relationship between the limit and ρ s , ρ t , γ 0 is given by the following corollary. Proof. The proof is in Appendix 3.
We next compare in Figure 3 the MSE for systems operating in AWGN channels and fading channels, respectively. The MSE in fading channels is obtained with a http://jwcn.eurasipjournals.com/content/2013/1/5 hybrid analytical and simulation method, i.e., given H, the conditional MSE can be calculated by performing the trace operation over (11) , and the unconditional MSE can then be obtained by averaging over a large number of independent implementations of H. The parameters, γ 0 and θ , are the same as those in Figure 2 , and the variance of the measurement noise is σ 2 w = 0. The fading MSE is lower bounded by its AWGN counterpart. The difference between the MSE of these two types of networks gradually diminishes as ρ s and ρ t increases. When ρ s = ρ t = 0.9, there is only a slight difference between the two, especially when the node density is high. In addition, both of the two networks have the same performance trend, i.e., the MSE is an increasing function in δ. Therefore, the analytical result in AWGN channel can provide a rough guideline on the design of systems with fading.
MMSE spatial-temporal interpolation
This section discusses the distortion performance of space-time interpolation, i.e., the estimation of any arbitrary point on the space-time plane by interpolating the N discrete space-time samples.
Since we are interested in the reconstruction fidelity of the entire space-time hyperplane, the worst case scenario is considered by estimating the data located in the middle of the square formed by four neighboring samples, as shown in Figure 4a , with the data points to be estimated being N s and j = 1, . . . , N t . Define the interpolation data vector as
Based on the orthogonal principal, E (x dt − x dt )x H st = 0, wherex dt is an estimate of x dt , the MMSE space-time interpolations can be expressed bŷ
where column ρ
Combining (18) with (19), we havê
The corresponding error correlation matrix, R
where R dd = E(x dt x H dt ) = R xx is used in the above equation, and R xd = R H dx . The MSE for the space-time interpolation when operating in a fading channel can be evaluated numerically by performing the trace operation over (21) . To gain more insights on the impacts of node density and sampling rate, we next perform asymptotic analysis for systems operating in AWGN channels.
Proposition 2.
When N s → ∞ and N t → ∞ while keeping both δ and θ finite, the MSE of the spatialtemporal interpolation for a network operating in AWGN channels is
Proof. The proof is in Appendix 4.
The results in Proposition 2 illustrate the asymptotic MSE performance for the MMSE interpolation in both the space and time domains. Even though the MSE in Proposition 2 is expressed as an explicit function of the correlation coefficients and the space-time sample rates, it is expressed in the form of an integral and eludes a closed-form expression. It should be noted that the integrand is composed for elementary functions, and the integration limit is finite. Therefore the integral can be easily evaluated numerically. To gain further insight on the impact of the space-time correlation on the estimation performance, we consider in the following section the interpolation in just one domain.
Interpolation in the space or time domain
In this section, we consider the MSE performance of interpolation in the space domain as in Figure 4b or in the time domain as in Figure 4c , but not both. Studying the interpolation in one domain will help quantify the impact of node density or sampling rate on the estimation MSE. The analytical asymptotic study is performed for systems operating in AWGN channels.
Due to the symmetry between the space and time domains, it is sufficient to study the interpolation in the space domain. From Figure 4b , the coordinates of the data to be estimated during the spatial interpolation are i + Proposition 3. When N t → ∞ and N s → ∞, while keeping δ and θ finite, the MSE of the estimated data during the spatial interpolation for a network operating in AWGN channels is
where v, p, q are defined in (23),
, (25) and (·) is the complete elliptic integral of the third kind [19] .
Proof. The proof is in Appendix 5.
If we assume the data samples are temporally uncorrelated (ρ t = 0), and perform spatial interpolation based on the spatially correlated but temporally uncorrelated data samples, then the MSE given in Proposition 3 can be simplified as follows.
Corollary 5.
If ρ t = 0, the asymptotic MSE of the estimation for the spatial interpolation is
into (52) directly leads to (26).
When σ 2 w = 0, the result in Corollary 5 simplifies to ([6] , Proposition 2), where only the spatial data correlation is considered. It was proven in [6] that the MSE in (26) is a decreasing function of the node density δ. Figure 5 compares the asymptotic MSE performance between the spatial interpolation and the space-time interpolation. In the simulation, ρ t = 0.1 and σ 2 w = 0 and all other parameters are the same as those in Figure 2 . As expected, performing interpolation in the space domain alone leads to a better performance compared to interpolation in both the space and time domains. The difference increases as the spatial correlation coefficient, ρ s , increases. Different from the results in Figure 2 , it is observed that the MSE of the spatial interpolation or space-time interpolation is a decreasing function of the spatial node density δ. This can be intuitively explained by the fact that the spatial interpolation depends mainly on the spatial correlation among the sensor nodes, and a higher node density means a stronger spatial correlation among the data samples, thus a better estimation fidelity.
It can be seen from Figure 5 that, when δ → ∞, the MSE approaches a lower bound, which is stated in the following corollary. 
with δ defined in Corollary 2.
Proof. The proof is in Appendix 6.
Due to the symmetry between the space and the time domains, we can get the MSE of the time interpolation, as shown in Figure 4c , by exchanging ρ s with ρ t , and δ with θ in Proposition 3, and Corollaries 5 and 6.
Optimum spatial-temporal sampling
It can be seen from Figure 5 that, when δ is small, the MSE decreases dramatically as δ increases. When δ reaches a certain threshold, no apparent performance gain can be achieved by increasing δ further, i.e., the slope of ϑ 2 st http://jwcn.eurasipjournals.com/content/2013/1/5 approaches zero as δ increase. The above statement is also true for the sampling rate θ .
In the space domain, we can find the optimum node density, δ 0 , by solving the equation being a small number. Figure 6 shows the optimum node density in AWGN channels as a function of the spatial correlation coefficient ρ s , under various values of the sampling rate θ . The parameters are ρ t = 0.5, σ 2 w = 0, and s = 10 −3 . The results in this figure demonstrate that the optimum node density decreases almost linearly as ρ s increases. Therefore, for the estimation of the spatial interpolation, a smaller node density is required for a field with a stronger spatial correlation. Moreover, the optimal node density converges as the sampling rate θ increases, i.e., the optimum node densities are almost identical for θ = 10 and θ = 50 Hz. This further corroborates that increasing the sampling rate beyond a certain threshold yields negligible performance gain. Similar results are observed for the optimum sampling rate due to the space-time symmetry.
Optimum node density in 2-D networks
The impacts of spatial-temporal sampling on the estimation fidelity in a 2-D network, as shown in Figure 1b , are studied in this section. In the space domain, the N s sensor nodes are located on a square grid. In the time domain, each sensor collects N t data samples. The spacetime coordinate for the sample x ikm is
It should be noted that the spatial node density in a 2-D sensor network is δ = [
where R ss ∈ R N s ×N s and R t ∈ R N t ×N t are the correlation matrices in the space domain and time domain, respectively. The matrix, R ss , assumes the form of a TBT matrix as defined in ( [6] , Equation (20)) for the 2-D spatially correlated network. The matrix R t is a symmetric Toeplitz matrix as in Equation (9). Therefore, the matrix, xx , is a 3-level Toeplitz matrix ( [20] , Definition 1), i.e., xx has an outermost block Toeplitz structure, and each block is still a block Toeplitz matrix, down to the innermost block with the form of an ordinary Toeplitz matrix.
Mirroring the analysis in the 1-D case, we will study, in the following two sections, the optimum spatial-temporal sampling for the MMSE estimation of the discrete data samples, and the MMSE interpolation, respectively.
MMSE estimation of the discrete samples
With the first-step MMSE estimation in Lemma 1, we have the MSE,
whereξ st is the MMSE estimate of ξ st . The above MSE in a fading channel can be evaluated numerically. Following the same procedure as in 1-D networks, we derive the explicit form of the asymptotic MSE for the system in AWGN channels.
Proposition 4.
When N s → ∞ and N t → ∞, while keeping δ and θ finite, the asymptotic MSE of the discrete space-time samples in a 2-D network transmitted through AWGN channels is
where (a, f ) is defined in (40) in Appendix 1, and
Proof. The proof is in Appendix 7. http://jwcn.eurasipjournals.com/content/2013/1/5
In Proposition 4, the impacts of the spatialtemporal sampling rate are expressed through the term,
, and the 3- If we assume that the data are temporally uncorrelated (ρ t = 0), then the MSE of the data samples in proposition 4 can be simplified as follows. 
Proof. Setting ρ t = 0 in (40) leads to (ρ (30) and solving the integration with respect to f 3 , we can obtain (32).
The result in Corollary 7 simplifies to ( [6] , Proposition 3) with σ 2 w = 0, where only the spatial data correlation is considered.
The asymptotic MSE of the data samples in a 2-D network is plotted as a function of the temporal sampling rate θ in Figure 7 , under various values of temporal correlation coefficient ρ t and measurement SNR γ w . The parameters are ρ s = 0.5 and γ 0 = 10 dB. For comparison, the MSE in an 1-D network is also shown in the figure. It is interesting to note that when the measurement SNR is low (γ w = 5 dB) and the time correlation is high (ρ t = 0.9), the MSE is decreasing in θ ; for all other cases, the MSE is an increasing function in θ . This is because if σ 2 w is large enough, the majority of the energy is used for transmitting measurement noise. In this case, when increasing θ for data with high temporal correlation, the benefit of data correlation outweighs the loss due to less energy per sample. The performance difference between γ w = 10 dB and σ 2 w = 0 is very small. In addition, 2-D MSE is larger (worse) than the 1-D MSE. This can be explained by the fact that, under the same spatial node density and temporal sampling rate, each node in the 2-D network needs to cover a larger area than the node in the 1-D network, thus leads to a worse performance.
The asymptotic MSE for 2-D networks in AWGN channels is compared to that in fading channels in Figure 8 . Similar to the 1-D case, the MSE with fading channels is worse than its AWGN counterpart. The networks with fading channels and AWGN channels have similar performance trend, and the performance difference between the two gradually diminishes as ρ s increases. When ρ s = 0.9, the performance in fading and AWGN channels are almost the same at high node density.
MMSE spatial-temporal interpolation
The performance of spatial-temporal interpolations in a 2-D network is studied in this section. Similar to the 1-D case, we consider the worst case by estimating the data located in the middle of the cube formed by eight adjacent data samples, with the data points to be estimated as
√ N s and m = 1, . . . , N t . Correspondingly, the data vector can be expressed as
Following the same procedure as in the 1-D case, the error correlation matrix,
where 
where R ds ∈ R N s ×N s and R t ∈ R N t ×N t are the crosscorrelation matrices between the data samples and the interpolations in the space domain and time domain, respectively. The matrix, R ds , has the form of a nonsymmetric TBT matrix as defined in ( [6] , Equation (27)) for the 2-D spatially correlated network. The matrix R t is a Toeplitz matrix defined in Section 3.2. The matrix, dx , is a non-symmetric 3-level Toeplitz matrix. For the AWGN case, the asymptotic MSE is given as follows.
Proposition 5. When N s → ∞ and N t → ∞, while keeping δ and θ finite, the asymptotic MSE of the spacetime interpolations in a 2-D network with AWGN channels is
where xx (f 1 , f 2 , f 3 ) is defined in (55) in Appendix 7, and
(36) http://jwcn.eurasipjournals.com/content/2013/1/5
Proof. The proof is in Appendix 8. Figure 9 compares the asymptotic MSE of the interpolation in a 2-D network with that in an 1-D network. In the simulation, the parameters are the same as those in Figure 7 except σ 2 w = 0. In both 1-D and 2-D networks, it is observed that the interpolation MSE decreases monotonically with the temporal sampling rate. Again, the 1-D asymptotic MSE is smaller (better) than its 2-D counterpart for all temporal correlation coefficients ρ t . The performance difference between the 1-D and 2-D networks increases as ρ t increases.
If we just consider the spatial interpolation of the 2-D network, for the special case of uncorrelated data in the time domain, we can simplify the result as follows. 
where ss (f 1 , f 2 ) is given in (31), and
Proof. The proof is in Appendix 9.
The result in Corollary 8 with σ 2 w = 0 simplifies to ( [6] , Proposition 4), where only the spatial data correlation is considered.
Optimum spatial-temporal sampling
The asymptotically optimum spatial and temporal sampling rates in a 2-D network can be obtained by numerically solving | It should be noted that the analysis methods presented in this article can be extended to high dimensional networks by employing block multilevel Toeplitz matrix. In this article, the 1-D and 2-D networks are used as examples to investigate the interactions among the various network parameters and their impacts on the system performance. The results of high dimensional networks can be obtained in a similar manner.
Randomly distributed networks
So far all the studies are for networks with deterministic topologies. In this section, we will compare the MSE performance between networks with deterministic topology and random topology, respectively. The random topology follows a Poisson point process, i.e., the number of nodes in a given area follows a Poisson distribution, and the coordinates of each node follows a uniform distribution in each dimension. The MSE of the 1-D and 2-D networks with random topology can be evaluated numerically through a hybrid analytical-simulation method. The MSE conditioned on a particular deployment of the nodes can be calculated by using (12) for the 1-D network, or (29) for the 2-D network. The elements in the autocorrelation matrix, R xx or xx , depends on the actual locations of the nodes. The unconditional MSE can then be calculated by averaging a large number of random deployments. Figure 4 .3 compares the performance of networks with random topology and deterministic topology, operating in AWGN channels. The parameters are γ 0 = 10 dB and σ 2 w = 0. For both 1-D and 2-D networks, networks with deterministic topology consistently outperform their random topology counterparts. The difference between the two types of networks becomes smaller as ρ s and ρ t increase. The topology of practical networks is usually a combination of the grid-based deterministic topology and random topology. Therefore, the performance of practical networks will fall between the bounds delimited by the two types of networks.
Conclusions
In this article, the optimum sampling in the 1-D and 2-D WSNs with spatial-temporally correlated data was studied. The impacts of the spatial node density and the temporal sampling rate on the network performance were investigated through asymptotic analysis and numerical studies. Under the constraint of fixed power per unit area, the MSE performance of various networks were studied through a combination of analytical and simulation methods. The results quantitatively identified the interactions between the estimation fidelity and a large number of system parameters, such as node density, sampling rate, measurement noise, fading, and random topology, etc. It was observed that the network with a deterministic gridbased topology and operating in AWGN channels has the best performance, yet that with a random topology and operating in fading channels has the worst performance. Therefore, whenever possible, a grid-based deterministic topology is preferred over a random topology. The MSE performance of these two types of networks can serve as lower and upper bounds for practical networks, and their difference gradually diminish as the correlation coefficients increase. http://jwcn.eurasipjournals.com/content/2013/1/5
Since (1 − sin 2 w) is a non-negative real number, the limit is an increasing function of , thus proportional to ρ s and ρ t , but inverse proportional to the SNR γ 0 .
